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By employing a Chapman-Enskog like iterative solution of the Boltzmann equation in relaxation-
time approximation, we derive a new expression for the entropy four-current up to third order in
gradient expansion. We show that unlike second-order and third-order entropy four-current obtained
using Grad’s method, there is a non-vanishing entropy flux in the present third-order expression.
We further quantify the effect of the higher-order entropy density in the case of boost-invariant one-
dimensional longitudinal expansion of a system. We demonstrate that the results obtained using
third-order evolution equation for shear stress tensor, derived by employing the method of Chapman-
Enskog expansion, show better agreement with the exact solution of the Boltzmann equation as well
as with the parton cascade BAMPS, as compared to those obtained using the third-order equations
from the method of Grad’s 14-moment approximation.
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I. INTRODUCTION
Study of the space-time evolution and non-equilibrium
properties of hot and dense matter produced in high-
energy heavy-ion collisions, within the framework of rel-
ativistic viscous hydrodynamics, has gained widespread
interest; see Ref. [1] for a recent review. Hydrodynamics
is an effective theory that describes the long-wavelength
limit of the microscopic dynamics of a system. As a
macroscopic theory which describes the space-time evo-
lution of the energy-momentum tensor, it is much less in-
volved than microscopic descriptions such as kinetic the-
ory. In order to study the hydrodynamic evolution of a
system, it is natural to first employ the equations of ideal
hydrodynamics. However, ideal hydrodynamics is based
on the unrealistic assumption of local thermodynamic
equilibrium which results in isentropic evolution. More-
over, since the quantum mechanical uncertainty principle
provides a lower bound on the shear viscosity to entropy
density ratio [2, 3], the dissipative effects can not be ig-
nored.
Eckart [4] and Landau and Lifshitz [5] were the first
to formulate a relativistic theory of dissipative hydro-
dynamics, each with a different choice for the defini-
tion of hydrodynamic four-velocity. These theories are
based on the assumption that the entropy four-current
is linear in dissipative quantities and hence they are also
known as first-order theories of dissipative fluids. The
resulting equations for the dissipative quantities are es-
sentially the relativistic analogue of the Navier-Stokes
equations. However, the resulting equations of motion
lead to parabolic differential equations which suffer from
acausality and numerical instability. In order to rectify
the undesirable features of first-order theories, extended
theories of dissipative fluids were introduced by Grad [6],
Mu¨ller [7] and Israel and Stewart [8]. These theories are
based on the assumption that the entropy four-current
contains terms quadratic in the dissipative fluxes and
therefore are also known as second-order theories. The
resulting equations of motion are hyperbolic in nature
which preserves causality [9] but may not guarantee sta-
bility.
Second-order Israel-Stewart (IS) hydrodynamics has
been quite successful in explaining a wide range of col-
lective phenomena observed in ultra-relativistic heavy-
ion collisions [1]. Despite its successes, the formulation
of IS theory is based on certain approximations and as-
sumptions. For instance, the original IS theory employs
an arbitrary choice of the second moment of the Boltz-
mann equation to obtain the equations of motion for the
dissipative currents [8]. Another assumption inherent in
IS theory is the use of Grad’s 14-moment approxima-
tion for the non-equilibrium distribution function [6, 8].
Moreover, the IS theory is a second-order theory which
neglects contributions from higher-order terms in the en-
tropy four-current. It is thus of interest to extend the
second-order theory beyond its present scope and deter-
mine the associated transport coefficients for a hydrody-
namic system.
In a non-equilibrium system, the presence of thermo-
dynamic gradients results in thermodynamic forces which
in turn gives rise to various transport phenomena. There-
fore transport coefficients such as viscosity, diffusivity
and conductivity, are important to characterize the dy-
namics of a system. Precise knowledge of these trans-
port coefficients and associated length and time scales
is necessary in comparing observables with theoretical
predictions. In order to calculate these transport coef-
ficients from the underlying kinetic theory, it is conve-
nient to first determine the non-equilibrium single parti-
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2cle phase-space distribution function f(x, p). When the
system is close to local thermodynamic equilibrium, two
most commonly used methods to determine the form of
f(x, p) are (1) Grad’s 14-moment approximation [6] and
(2) the Chapman-Enskog expansion [10]. Although both
methods involve expanding f(x, p) around its equilibrium
value f0(x, p), in Refs. [11–13] it was shown that the
Chapman-Enskog method in the relaxation-time approx-
imation (RTA) gives better agreement with microscopic
Boltzmann simulations as well as exact solutions of the
RTA Boltzmann equation. Consistent derivation of the
form of the dissipative equations and accurate determi-
nation of the associated transport coefficients is still an
active research area [11–31].
In this paper, we derive a new expression for the en-
tropy four-current up to third-order in dissipative fluxes
by employing the Chapman-Enskog expansion for the
non-equilibrium distribution function. Although third-
order expressions for entropy four-current have been de-
rived using Grad’s 14-moment approximation [27–29], we
present here, for the first time, the derivation using the
Chapman-Enskog method. We show that unlike second-
order and third-order results from Grad’s method, there
is a non-vanishing entropy flux (projection of the entropy
four-current orthogonal to the fluid four-velocity) in our
expression for the entropy four-current. We demonstrate
the significance of the present derivation in the special
case of a system undergoing boost-invariant Bjorken ex-
pansion. We show that compared to the Grad’s method,
the Chapman-Enskog method is able to reproduce better
the exact solution of Boltzmann equation [25, 32] as well
as the BAMPS results [27, 33].
II. ITERATIVE SOLUTION OF THE
BOLTZMANN EQUATION
Evolution of the single particle phase-space distribu-
tion function, f(x, p), is governed by the Boltzmann
equation. In the absence of collisions, the particles prop-
agate along geodesics which implies that f(x, p) does
not change along geodesics. Therefore for a geodesic
parametrized by an affine parameter Λ, we have df/dΛ =
0. When collisions are present, particles will no longer
move along geodesics leading to a non-vanishing df/dΛ.
Hence, in general, one can write the Boltzmann equation
as
pµ∂µf + F
µ∂(p)µ f = C[f ], (1)
where pµ is the particle four-momentum, Fµ is the ex-
ternal force felt by the particles and C[f ] is the collision
functional.
In absence of any external forces and using the
relaxation-time approximation for the collision term,
Eq. (1) can be rewritten as [34]
pµ∂µf = −(u · p)δf
τR
, (2)
where u · p ≡ uµpµ, τR is the relaxation time and
δf ≡ f−f0 is the non-equilibrium part of the distribution
function, f0 being the equilibrium distribution function.
In the following, we consider only classical massless parti-
cles obeying the Boltzmann statistics at vanishing chem-
ical potential, i.e., f0 = exp(−β u · p), where β ≡ 1/T is
the inverse temperature.
Equation (2) can be solved iteratively to obtain a
Chapman-Enskog like expansion for the non-equilibrium
part of the distribution function in powers of space-time
gradients [10, 35]
δf = δf (1) + δf (2) + δf (3) + · · · , (3)
where δf (1) is first-order in derivatives, δf (2) is second-
order and so on. To first- and second-order in derivatives,
one obtains
δf (1) = − τR
u·p p
µ∂µf0, (4)
δf (2) =
τR
u·pp
µpν∂µ
( τR
u·p∂νf0
)
. (5)
Derivation of hydrodynamic evolution equations for dis-
sipative quantities within the framework of kinetic theory
requires the form of δf to be specified. In the following,
we employ Eq. (3) along with Eqs. (4) and (5) to specify
the non-equilibrium distribution function.
III. RELATIVISTIC VISCOUS
HYDRODYNAMICS
The hydrodynamic evolution of a relativistic system,
in absence of any conserved charges, is governed by the
conservation equation of the energy-momentum tensor.
In terms of the phase-space distribution function and hy-
drodynamic variables, the conserved energy-momentum
tensor can be expressed as [36]
Tµν =
∫
dp pµpν f(x, p) = uµuν − P∆µν + piµν , (6)
where dp ≡ gdp/[(2pi)3|p|], g being the degeneracy fac-
tor, , P and piµν are respectively energy density, pres-
sure and the shear stress tensor. For a system of mass-
less particles the bulk viscous pressure vanishes. The
projection operator ∆µν ≡ gµν − uµuν is orthogonal to
the hydrodynamic four-velocity uµ defined in the Landau
frame: Tµνuν = u
µ. We consider the metric tensor to
be Minkowskian, i.e., gµν ≡ diag(+,−,−,−).
The evolution equations for  and uµ are obtained
from the fundamental energy-momentum conservation,
∂µT
µν = 0,
˙+ (+ P )θ − piµνσµν = 0, (7)
(+ P )u˙α −∇αP + ∆αν ∂µpiµν = 0. (8)
We use the standard notation A˙ ≡ uµ∂µA for co-moving
derivative, θ ≡ ∂µuµ for the expansion scalar, σµν ≡
3(∇µuν + ∇νuµ)/2 − (θ/3)∆µν for velocity stress tensor
and ∇α ≡ ∆µα∂µ for space-like derivative. In the con-
formal limit, the energy density and pressure are related
through  = 3P ∝ β−4, where the inverse temperature
β ≡ 1/T is defined using the equilibrium matching con-
dition  = 0. In this limit the derivatives of β can be
obtained using Eqs. (7) and (8)
β˙ =
β
3
θ − β
12P
piργσργ , (9)
∇αβ =−βu˙α − β
4P
∆αρ∂γpi
ργ . (10)
In the following, we will employ the above identities to
derive the form of dissipative corrections to the distribu-
tion function as well as the evolution equation for shear
stress tensor.
In terms of δf , shear stress tensor (piµν) can be ex-
pressed as
piµν = ∆µναβ
∫
dp pαpβ δf, (11)
where ∆µναβ ≡ ∆µ(α∆νβ)− (1/3)∆µν∆αβ is a traceless sym-
metric projection operator orthogonal to uµ. The first-
order expression for shear stress tensor can be obtained
from Eq. (11) using δf = δf (1) from Eq. (4),
piµν = ∆µναβ
∫
dp pαpβ
(
− τR
u·p p
µ∂µ f0
)
. (12)
Using Eqs. (9) and (10), and retaining terms which are
first-order in gradients, the integrals in the above equa-
tion reduce to
piµν = 2τRβpiσ
µν , (13)
where βpi = 4P/5.
In order to obtain higher-order evolution equations, we
consider the co-moving derivative of Eq. (11),
p˙i〈µν〉 = ∆µναβ
∫
dp pαpβ δf˙ , (14)
where we have used the notation A〈µν〉 ≡ ∆µναβAαβ for
traceless symmetric projection orthogonal to uµ. The
co-moving derivative of the non-equilibrium part of the
distribution function, δf˙ , can be obtained by rewriting
Eq. (2) in the form [15]
δf˙ = −f˙0 − 1
u·pp
γ∇γf − δf
τR
. (15)
Using this expression for δf˙ in Eq. (14), we obtain
p˙i〈µν〉 +
piµν
τR
= −∆µναβ
∫
dp
u·p p
αpβpγ∇γf. (16)
From the above equation, we can conclude that the shear
relaxation time τpi is equal to the Boltzmann relaxation
time τR. A comparison of the first-order evolution equa-
tion, Eq. (13), with the relativistic Navier-Stokes equa-
tion, piµν = 2ησµν , results in τpi = η/βpi for the shear
relaxation time.
To derive the second-order evolution equation for piµν ,
we substitute δf (1) from Eq. (4) in Eq. (16) and use
Eqs. (9) and (10) for derivatives of β. We finally obtain
[11]
p˙i〈µν〉+
piµν
τpi
= 2βpiσ
µν+ 2pi〈µγ ω
ν〉γ− 10
7
pi〈µγ σ
ν〉γ− 4
3
piµνθ,
(17)
where ωµν ≡ (∇µuν − ∇νuµ)/2 is the vorticity tensor.
We observe that by employing the above equation, δf in
Eqs. (3)-(5) can be expressed in terms of derivatives of
hydrodynamic variables up to second order. To this end,
we write
δf = f0φ = f0 (φ1 + φ2) +O(δ3), (18)
where φ1 and φ2 are first- and second-order corrections,
respectively, and are calculated to be
φ1 =
β
2βpi(u·p) p
αpβpiαβ , (19)
φ2 =
β
βpi
[
5
14βpi(u·p) p
αpβpiγα piβγ −
τpi
u·p p
αpβpiγα ωβγ
− (u·p)
70βpi
piαβpiαβ +
6τpi
5
pαu˙βpiαβ − τpi
5
pα
(∇βpiαβ)
− τpi
2(u·p)2 p
αpβpγ(∇γpiαβ) + 3τpi
(u·p)2 p
αpβpγpiαβ u˙γ
− τpi
3(u·p) p
αpβpiαβθ +
β + (u·p)−1
4(u·p)2βpi
(
pαpβpiαβ
)2 ]
.
(20)
Here we have used Eqs. (9), (10) and (17) to substitute
for the derivatives of β and uµ. We observe that the
form of φ1 and φ2 in Eqs. (19)-(20) satisfies the match-
ing condition  = 0 and the Landau frame definition
uνT
µν = uµ and is also consistent with Eq. (11) for the
definition of the shear stress tensor [21]. Note that the
form of δf obtained by Denicol et. al. [17], where they
generalize the 14-moment method to include all terms
in the moment expansion, also satisfies these conditions.
However, unlike Eq. (20), the δf obtained in Ref. [17] is
linear in hydrodynamic gradients.
The third-order evolution equation for the shear stress
tensor can also be derived by substituting f = f0(1 +
φ1 + φ2) in Eq. (16). After straightforward but tedious
4algebra, we obtain [12]
p˙i〈µν〉 =− pi
µν
τpi
+ 2βpiσ
µν + 2pi〈µγ ω
ν〉γ − 10
7
pi〈µγ σ
ν〉γ
− 4
3
piµνθ +
25
7βpi
piρ〈µων〉γpiργ − 1
3βpi
pi〈µγ pi
ν〉γθ
− 38
245βpi
piµνpiργσργ − 22
49βpi
piρ〈µpiν〉γσργ
− 24
35
∇〈µ
(
piν〉γ u˙γτpi
)
+
4
35
∇〈µ
(
τpi∇γpiν〉γ
)
− 2
7
∇γ
(
τpi∇〈µpiν〉γ
)
+
12
7
∇γ
(
τpiu˙
〈µpiν〉γ
)
− 1
7
∇γ
(
τpi∇γpi〈µν〉
)
+
6
7
∇γ
(
τpiu˙
γpi〈µν〉
)
− 2
7
τpiω
ρ〈µων〉γpiργ − 2
7
τpipi
ρ〈µων〉γωργ
− 10
63
τpipi
µνθ2 +
26
21
τpipi
〈µ
γ ω
ν〉γθ. (21)
We compare the above equation with that obtained in
Ref. [27] using Grad’s 14-moment approximation,
p˙i〈µν〉 =− pi
µν
τ ′pi
+ 2β′piσ
µν − 4
3
piµνθ +
5
36β′pi
piµνpiργσργ
− 16
9β′pi
pi〈µγ pi
ν〉γθ, (22)
where β′pi = 2P/3 and τ
′
pi = η/β
′
pi. Note that the right-
hand side of the above equation contains one second-
order and two third-order terms compared to three
second-order and fourteen third-order terms obtained in
Eq. (21).
IV. ENTROPY FOUR-CURRENT
A well established framework for the study of thermal-
ization processes in a system begins from the observa-
tion that thermal equilibrium corresponds to the state of
maximum entropy. The interpretation of how entropy is
generated in any process depends on the theoretical and
conceptual framework in which the processes that lead
to thermalization are described. For instance, in a rela-
tivistic system, local entropy generation is given by the
divergence of the entropy four-current. For kinetic the-
ory, the expression for entropy four-current generalized
from the Boltzmann’s H-function is given by
Sµ = −
∫
dp pµf (ln f − 1) . (23)
For a system which is close to local thermodynamic equi-
librium, f = f0(1 + φ), where φ  1, we obtain an
expression for the non-equilibrium entropy four-current
up to third-order in φ as
Sµ = s0u
µ −
∫
dp pµf0
(
φ2
2
− φ
3
6
)
, (24)
where s0 = β( + P ) is the equilibrium entropy density.
For φ = φ1 + φ2, we have
Sµ = s0u
µ −
∫
dp pµf0
(
φ21
2
+ φ1φ2 − φ
3
1
6
)
, (25)
where we have ignored terms which are higher than third-
order in derivative expansion.
Substituting φ1 and φ2 from Eqs. (19) and (20) and
performing the integrations, we get
Sµ = s0u
µ − β
4βpi
piαβpiαβu
µ − 5β
42β2pi
piαγpi
γ
βpi
αβuµ
+
βτpi
7βpi
[
18
5
u˙ρpiργpi
µγ+
2
5
piµγ∇ρpiργ− 1
2
piαβ∇µpiαβ
+ 3u˙µpiαβpi
αβ − piαγ∆µρ∇αpiργ
]
, (26)
where we recall that βpi = 4P/5. We compare our above
result with that obtained using Grad’s 14-moment ap-
proximation [27],
S′µ = s0uµ − β
4β′pi
piαβpiαβu
µ − 2β
9β′2pi
piαγpi
γ
βpi
αβuµ, (27)
where β′pi = 2P/3.
1 The entropy density, s ≡ uµSµ, for
the two cases is given by
s = s0 − β
4βpi
piαβpiαβ − 5β
42β2pi
piαγpi
γ
βpi
αβ , (28)
s′ = s0 − β
4β′pi
piαβpiαβ − 2β
9β′2pi
piαγpi
γ
βpi
αβ , (29)
whereas the entropy flux, S〈µ〉 ≡ ∆µνSν , in the two cases
reduce to
S〈µ〉 =
βτpi
7βpi
[
18
5
u˙ρpiργpi
µγ+
2
5
piµγ∇ρpiργ− 1
2
piαβ∇µpiαβ
+ 3u˙µpiαβpi
αβ − piαγ∆µρ∇αpiργ
]
, (30)
S′〈µ〉 = 0. (31)
We observe that even for vanishing bulk viscosity and dis-
sipative charge current, Chapman-Enskog method leads
to non-vanishing entropy flux as opposed to the method
based on Grad’s 14-moment approximation. This may be
attributed to the fact that the entropy four-current ob-
tained in the Chapman-Enskog method contains terms
proportional to acceleration u˙µ and gradient of shear
stress tensor ∇µpiαβ . Both these quantities, as well as
piαβ , are orthogonal to the fluid four-velocity u
µ and
therefore their combination results in non-vanishing en-
tropy flux. Note that for a system with vanishing entropy
1 We note that the factor 2/9 in Eq. (27) is four times larger than
that obtained in Ref. [29], despite the fact that both methods
employ Grad’s 14-moment approximation.
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FIG. 1: (Color online) Time evolution of s/s0 obtained us-
ing ideal hydrodynamics (black dotted lines), second-order
Grad’s approximation (maroon dashed-dotted lines), second-
order Chapman-Enskog method (green dashed-dotted-dotted
lines), third-order Grad’s approximation (red dashed lines),
and third-order Chapman-Enskog method (blue solid lines)
for initial temperature T0 = 300 MeV at initial time τ0 = 0.25
fm/c, various η/s and for (a): isotropic initial pressure con-
figuration ξ0 = 0 and (b): anisotropic pressure configuration
ξ0 = 10.
flux, the entropy four-flow is entirely due to the flow of
entropy density. In the case of Chapman-Enskog method,
the non-vanishing entropy flux implies that the entropy
density of the system should be lower than in the case of
vanishing entropy flux (Grad’s method).
V. NUMERICAL RESULTS AND DISCUSSION
For a transversely homogeneous and purely-
longitudinal boost-invariant Bjorken expansion of a
system [37], all scalar functions of space and time depend
only on the proper time τ =
√
t2 − z2. In the Milne co-
ordinate system (τ, x, y, ηs), where ηs = tanh
−1(z/t), the
hydrodynamic four-velocity becomes uµ = (1, 0, 0, 0).
In this scenario, ωµν = u˙µ = ∇µτpi = 0, θ = 1/τ ,
σηsηs = −2/(3τ3) and only the ηsηs component of
Eq. (21) survives. Defining pi ≡ −τ2piηsηs , we obtain
p˙i〈ηsηs〉 = − 1
τ2
dpi
dτ
, pi〈ηsγ σ
ηs〉γ = − pi
3τ3
,
pi〈ηsγ pi
ηs〉γ = − pi
2
2τ2
, piργσργ = pi/τ,
piρ〈ηspiηs〉γσργ = − pi
2
2τ3
, ∇〈ηs∇γpiηs〉γ = 2pi
3τ4
,
∇γ∇〈ηspiηs〉γ = 4pi
3τ4
, ∇2pi〈ηsηs〉 = 4pi
3τ4
. (32)
Using the above results, evolution of  and pi from Eqs. (7)
and (21) becomes
d
dτ
= −1
τ
(+ P − pi) , (33)
dpi
dτ
= − pi
τpi
+ βpi
4
3τ
− λpi
τ
− χ pi
2
βpiτ
. (34)
The terms with coefficient λ and χ in the above equation
contains corrections due to second-order and third-order
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FIG. 2: (Color online) Same as Fig. 1 except here we take
T0 = 600 MeV.
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FIG. 3: (Color online) Temperature dependence of s/s0 ob-
tained using exact solution of the Boltzmann equation (black
dotted lines), third-order evolution equations from Grad’s
approximation (red dashed lines), and third-order equations
from Chapman-Enskog method (blue solid lines) for various
η/s and for (a): initial temperature T0 = 300 MeV and (b):
T0 = 600 MeV, at initial time τ0 = 0.25 fm/c and isotropic
initial pressure configuration ξ0 = 0.
terms, respectively. In order to rewrite some of the third-
order contributions in the form pi2/(βpiτ), the first-order
expression for shear pressure, pi = 4βpiτpi/3τ , has been
used. The transport coefficients in Eq. (34) simplify to
τpi =
η
βpi
, βpi =
4P
5
, λ =
38
21
, χ =
72
245
. (35)
While the form of Eq. (22), obtained using Grad’s 14-
moment approximation, is identical to Eq. (34) in the
Bjorken case, the transport coefficients reduce to
τ ′pi =
η
β′pi
, β′pi =
2P
3
, λ′ =
4
3
, χ′ =
3
4
. (36)
We solve Eqs. (33) and (34) simultaneously assuming
two different initial temperatures, T0 = 300 MeV and
T0 = 600 MeV, at the initial proper time τ0 = 0.25 fm/c.
The initial pressure configurations are determined by the
anisotropy parameter ξ which is related to the average
transverse and longitudinal momentum in the local rest
frame via the relation ξ = 12 〈p2T 〉/〈p2L〉 − 1 [22]. We solve
for two different initial pressure configurations: ξ0 = 0
corresponding to an isotropic pressure configuration pi0 =
0, and ξ0 = 10 corresponding to pi0 = 87 MeV/fm
3 for
T0 = 300 MeV and pi0 = 1386 MeV/fm
3 for T0 = 600
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FIG. 4: (Color online) Temperature dependence of the shear
relaxation time, τpi, obtained using exact solution of the Boltz-
mann equation (black dotted lines), third-order evolution
equations from Grad’s approximation (red dashed lines), and
third-order equations from Chapman-Enskog method (blue
solid lines) for initial temperature T0 = 300 MeV at initial
time τ0 = 0.25 fm/c, various η/s and for (a): isotropic initial
pressure configuration ξ0 = 0 and (b): anisotropic pressure
configuration, ξ0 = 10.
0.1 0.2 0.3 0.4 0.5 0.6
T (GeV)
0
1
2
3
4
5
6
7
τ pi
 
(fm
/c)
Exact solution of BE
Third-order (Grad)
Third-order (CE)
T0 = 600 MeV,  τ0 = 0.25 fm/c
ξ0 = 0η/s = 10/4pi
η/s = 3/4pi
η/s = 1/4pi
(a)
0.1 0.2 0.3 0.4 0.5 0.6
T (GeV)
0
1
2
3
4
5
6
7
τ pi
 
(fm
/c)
Exact solution of BE
Third-order (Grad)
Third-order (CE)
T0 = 600 MeV,  τ0 = 0.25 fm/c
ξ0 = 10η/s = 10/4pi
η/s = 3/4pi
η/s = 1/4pi
(b)
FIG. 5: (Color online) Same as Fig. 4 except here we take
T0 = 600 MeV.
MeV. For comparison, we also solve Eqs. (33) and (34)
with transport coefficients obtained using the Grad’s 14-
moment method [27].
In Figs. 1 and 2 we show the proper-time evo-
lution of the entropy density scaled by its equilib-
rium value, s/s0, obtained using ideal hydrodynamics
(black dotted lines), second-order Grad’s approximation
(maroon dashed-dotted lines), second-order Chapman-
Enskog (green dashed-dotted-dotted lines), third-order
Grad’s approximation (red dashed lines), and third-order
Chapman-Enskog method (blue solid lines). Figure 1
shows the case when initial temperature T0 = 300 MeV,
while Fig. 2 shows the case that T0 = 600 MeV. In both
figures, panels (a) and (b) correspond to isotropic initial
pressure configuration ξ0 = 0 and anisotropic pressure
configuration ξ0 = 10, respectively, and the initial time
τ0 = 0.25 fm/c.
In the left panels of Figs. 1 and 2, we see that s/s0
shows a minimum indicating that the initial and final
states of the system are close to equilibrium. In the
intermediate stage, viscous evolution leads to signifi-
cant deviation of the entropy density from its equilib-
rium value. Moreover, we also observe that for Grad’s
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FIG. 6: (Color online) Time evolution of PL/PT obtained us-
ing exact solution of the Boltzmann equation (black dotted
lines), third-order evolution equations from Grad’s approx-
imation (red dashed lines), and third-order equations from
Chapman-Enskog method (blue solid lines) for initial temper-
ature T0 = 300 MeV at initial time τ0 = 0.25 fm/c, various
η/s and for (a): isotropic initial pressure configuration ξ0 = 0
and (b): anisotropic pressure configuration, ξ0 = 10.
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FIG. 7: (Color online) Same as Fig. 6 except here we take
T0 = 600 MeV.
method, second-order results are highly sensitive to η/s
and third-order contribution is very large, especially for
large η/s. On the other hand, Chapman-Enskog method
shows less sensitivity to η/s and has small third-order
contribution indicating faster convergence compared to
the Grad’s method. From Figs. 1 and 2, we also observe
that the entropy density attains its equilibrium value
more rapidly for higher T0 indicating that the system
equilibrates faster for larger initial temperature. On the
other hand, in Fig. 3, we see that both Grad’s method
(red dashed lines) and Chapman-Enskog method (blue
solid lines) are unable to reproduce the temperature de-
pendence of s/s0 obtained using the exact solution of
the Boltzmann equation [25, 32] (black dotted lines) for
T0 = 300 MeV and T0 = 600 MeV.
In Figs. 4 and 5 we show the temperature depen-
dence of the shear relaxation time, τpi, and in Figs. 6
and 7 we show the proper time evolution of the pres-
sure anisotropy, PL/PT ≡ (P − pi)/(P + pi/2). The pre-
sented results correspond to exact solution of the Boltz-
mann equation (black dotted lines), third-order evolu-
tion equations from Grad’s approximation (red dashed
lines), and third-order equations from Chapman-Enskog
method (blue solid lines). Figures 4 and 6 show the case
7when initial temperature T0 = 300 MeV, while Figs. 5
and 7 show the case that T0 = 600 MeV. In Figs. 4 – 7,
panels (a) and (b) correspond to isotropic initial pressure
configuration ξ0 = 0 and anisotropic pressure configura-
tion ξ0 = 10, respectively, and the initial time τ0 = 0.25
fm/c.
From Figs. 4 – 7, we see that results obtained using
the Grad’s method always overestimate the shear relax-
ation time and fails to reproduce the pressure anisotropy
obtained by the exact solution of the Boltzmann equa-
tion [25, 32]. On the other hand, the Chapman-Enskog
method clearly shows a better agreement with the exact
solution of the Boltzmann equation and appreciable dif-
ferences are observed only for the case of η/s = 10/4pi.
We note that although both methods fail to reproduce
the temperature dependence of s/s0 obtained using the
exact solution of the Boltzmann equation (see Fig. 3),
the evolution of pressure anisotropy and shear relaxation
time are found to be similar. Therefore we may conclude
that the evolution of hydrodynamic quantities are insen-
sitive to small variations in s/s0. These results also indi-
cate that the Chapman-Enskog method is better suited
than the Grad’s method to capture the microscopic dy-
namics contained in the Boltzmann equation.
In order to compare our results with a transport
model, the parton cascade BAMPS [27, 33], we also solve
Eqs. (33) and (34) for T0 = 500 MeV at τ0 = 0.4 fm/c
and ξ0 = 0. In Fig. 8, we show the proper time evo-
lution of PL/PT obtained using BAMPS (black dots),
third-order evolution equations from Grad’s approxima-
tion (red dashed lines), and third-order equations from
Chapman-Enskog method (blue solid lines). We see that
also in this case the PL/PT obtained using the Chapman-
Enskog method show better agreement with BAMPS re-
sults compared to Grad’s method. This result confirms
our previous observation that Chapman-Enskog method
is better adapted than the Grad’s method to capture the
microphysics contained in the Boltzmann equation.
VI. CONCLUSIONS AND OUTLOOK
In this paper, we have employed the iterative solu-
tion of the Boltzmann equation in relaxation-time ap-
proximation to derive a new expression for the entropy
four-current up to third order in gradient expansion.
We found that unlike second-order and third-order en-
tropy four-current obtained using Grad’s method, there
is a non-vanishing entropy flux in our expression even in
the absence of bulk viscosity and dissipative charge cur-
rent. Having obtained the full set of third-order evolution
equations necessary to evolve the shear tensor, we then
considered the special case of a transversally homoge-
neous and longitudinally boost-invariant system. In this
particular case the Boltzmann equation in the relaxation-
time approximation can be solved exactly [25, 32]. Us-
ing this solution as a benchmark, we computed the en-
tropy density, the shear relaxation time and pressure
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FIG. 8: (Color online) Time evolution of PL/PT obtained
using BAMPS (black dots), third-order evolution equations
from Grad’s approximation (red dashed lines), and third-
order equations from Chapman-Enskog method (blue solid
lines) for initial temperature T0 = 500 MeV at initial time
τ0 = 0.4 fm/c, isotropic initial pressure configuration ξ0 = 0
and various η/s.
anisotropy using both the Chapman-Enskog method pre-
sented herein and the Grad’s 14-moment method used
in Ref. [27]. We also compared the pressure anisotropy
obtained using both the Chapman-Enskog method pre-
sented herein and the Grad’s method with the results of
the parton cascade BAMPS [27, 33]. We demonstrated
that the Chapman-Enskog method is able to reproduce
the exact solution of Boltzmann equation as well as the
BAMPS results better than the Grad’s method.
As a final remark, we note that the relaxation-time
approximation for the collision term in the Boltzmann
equation is based on the assumption that the collisions
tend to restore the distribution function to its local equi-
librium value exponentially. While it is true that the
microscopic interactions of the constituent particles are
not captured here, it is a reasonably good approxima-
tion to describe a system which is close to local ther-
modynamic equilibrium. Indeed, it was shown that for
a purely gluonic system at weak coupling and hadron
gas with large momenta, the Boltzmann equation in the
relaxation-time approximation is a fairly accurate de-
scription [38]. Moreover, the experimentally observed
and ideal hydrodynamic prediction of 1/
√
mT scaling
of the femtoscopic radii was found to be violated by
including viscous corrections to the distribution func-
tion using Grad’s method [39]. It was shown later that
this scaling can be restored by using the form of the
non-equilibrium distribution function obtained using the
Chapman-Enskog method [21]. It has also been demon-
strated recently that in contrast to the Grad’s approxi-
mation, the renormalization-group method leads to sim-
ilar expressions for the transport coefficients as given by
the Chapman-Enskog method [40]. Hence we can con-
8clude that the Boltzmann equation in the relaxation-
time approximation can be applied quite successfully to-
ward understanding the hydrodynamic behaviour of the
strongly interacting matter formed in relativistic heavy-
ion collisions.
At this juncture, we would like to clarify that we are
using the exact solution of the Boltzmann equation in
relaxation-time approximation [25, 32] as a benchmark
to compare different hydrodynamic formulations. We
demand that the minimal requirement for a viable con-
formal hydrodynamic theory is that it should be able
to describe the evolution of a viscous medium in this
simple case. Moreover, we have demonstrated that the
Chapman-Enskog method leads to a fairly good agree-
ment with the BAMPS results [27, 33] which employs a
more realistic collision kernel. Looking forward, it would
be interesting to see if the third-order results derived
herein could be extended to a system having bulk viscos-
ity and dissipative charge current. Furthermore, since a
large bulk viscosity might lead to an early onset of cav-
itation, it would therefore be instructive to see how the
third-order transport coefficients could influence cavita-
tion [19]. In addition, from a phenomenological perspec-
tive, it would be interesting to determine the impact of
the third-order evolution equations in higher-dimensional
simulations. We leave these questions for future work.
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